We consider the class of Markov kernels for which the weak or strong Feller property fails to hold at some discontinuity set. We provide a simple necessary and sufficient condition for existence of an invariant probability measure as well as a Foster-Lyapunov sufficient condition. We also characterize a subclass, the quasi (weak or strong) Feller kernels, for which the sequences of expected occupation measures share the same asymptotic properties as for (weak or strong) Feller kernels. In particular, it is shown that the sequences of expected occupation measures of strong and quasi strong-Feller kernels with an invariant probability measure converge setwise to an invariant measure.
Introduction
We consider a Markov chain on a locally compact separable metric space. A common assumption when studying a Markov chain is that the stochastic kernel of transition probabilities is (weak) Feller, i.e., it maps the space of bounded continuous functions into itself (whereas the strong-Feller kernels map the bounded measurable functions into bounded continuous functions). Indeed, under such an (easy to check) assumption, various properties can be derived for the long-run behavior of the Markov chain. In particular, for the existence of invariant probability measures, simple necessary and sufficient conditions are available (for instance of. [9, 7] ). In addition, a nice property of (weak) Feller kernels is that every weak* limit point of the expected occupation measures is a (possibly trivial) invariant measure.
However, it may happen that the transition kernel fails to have the (weak or strong) Feller property at some points in an exceptional set. In some cases, this pathology is serious in that it prevents the kernel from having the above mentioned 1part of this work was done during a visit at Stanford University. author wishes to thank P. Glynn A practical example of interest, which motivated this work, is the important class of Generalized Semi-Markov Processes (GSMP), which permits modeling of the essential dynamical structure of a discrete-event system (cf. [6] ). Indeed, a time-homogeneous GSMP can be studied via Markov chain techniques, particularly its long-run behavior via ergodic theorems (cf. [6] ). However, the (discrete-time) associated Markov kernel is not (weak) Feller as discontinuities occur when (at least) two "clocks" run out of time simultaneously. See also the threshold models in Tong [10] . It is thus necessary to provide conditions of existence of an invariant probability measure for such pathological kernels.
In the present paper, we propose such conditions which are in fact a simple extension of the ones in [7] It is trivial to check that the above kernel has no invariant probability measure, despite X being compact, and the kernel is "almost Feller." In addition to not being
Feller, the necessary and sufficient condition of existence stated in [7] , namely, It is trivial to check that P' is weak Feller. Moreover, from every initial state x E Y, the Markov chain stays in Y with probability 1. Therefore, the Markov chain induced by P' coincides with the original chain for every initial state x Y. For every x Y, one may use indifferently P'(x,. or P(x,. ).
Let # be an invariant probability measure for P. From P(x,D)-O Vx Y, pn(x, Y) > 0 Vx D for some n >_ 1, and the invariance of #, we also have #(D) 0, i.e., # E M(Y) and is an invariant probability measure for P', it is also invariant for P.
Therefore, one may apply directly to P' the necessary and sufficient condition for existence on an i.p.m, given in [7] which is (3) with "lim" instead of "limsup" and the operator E x instead of E x. However, since with initial state x Y the Markov chain induced by P' coincides with the one induced by P, one may replace E by E x.
Also a simple examination of the proof of Theorem 2.1 in [7] shows that one may use indifferently "lim", "liminf" or "limsup".
The important thing to notice is that in (3), f0 is in Co(Y), i.e., f0 vanishes on D. In the first example, one may check that with fo Co(Y), For every x X, fixed arbitrary, {#} is a sequence of probability measures on (X,%) and for every x Y, fixed arbitrary, {Ur} is a sequence of probability measures on (Y, ').
It is important to note that the weak* convergence in M(Y) is not the same as the weak* convergence in M(X). 
Combining (6)- (7) 
As (10) holds for every weak* (hence weak) accumulation point and every f E Co(Y), all the weak limit points ux are identical It-a.e., i.e. It-a.e., It,ux . In the first example, one may easily check that P is not quasi-Feller since for every x X, #x_ 50 and thus, #x ({0}) We recall that a strong-Feller Markov kernel maps B(X), the bounded measurable functions, into Cb(X). Equivalently, P(x,B) is a continuous function of x, for every B E %. As we did for the (weak) Feller kernels, we also consider the class of kernels for which the strong-Feller property fails to hold at some (closed) discontinuity set D C %. We first need the following result. It thus suffices to prove that the convergence is setwise instead of weak. We know that X X #n P #n + n l(pn(x, )-Sx(. )). 
